In this note, we study the finite groups with the number of cylic subgroups no greater than 5.
Introduction
For a finite group G, let C(G) be the poset of cyclic subgroups of G. Sometimes C(G) can decide the structure of G. For example, |C(G)| = |G| if and only if G is an elementary abelian 2-group. The groups G such that |G| − |C(G)| ≤ 3 is classified in [2, 3] and [4] .
It is well-known that a finite p-group G has eactly one cyclic subgroup of order p if and only if G is cyclic or generalized quaternion group. Hence the groups with small number of cyclic subgroups will be interesting. In this note, we shall study the finite group G with
It is esay to see that |C(G)| = 1 if and only G = 1, and |C(G)| = 2 if and only if G ∼ = C p for some prime p. In this note, we will focus on the group G such that 3 ≤ |C(G)| ≤ 5.
For a finite group G, denote by π e (G) the set of all element orders of G, and by π(G) the set of all prime divisors of |G|. For any i ∈ π e (G), denote by C i (G) the set of all cylic subgroups of order i in G. Throughout this note, let c i = |C i (G)|. 
The main result
For a finite group G, we know
where φ is the Eucler function. 
Hence G is a p-groups. Let |G| = p n . By equation 2.1, c p = 1 or 2. If c p = 2, we get
Note that |C(C pqr )| > 4, a contradiction. Now we get the following two cases:
, we get q = 2 and a = b = 1. Since Case 2. π(G) = {p}. Let |G| = p n . We know that c p ≤ 3. If c p = 3, then p n = 1 + 3(p − 1). Hence p = 2 and n = 2. This is impossible. If c p = 2, then c q 2 = 1, and 
. This is impossible. So we get the following two cases:
and Q ∈ Syl q (G). Suppose that neither P nor Q are cylcic subgroups of prime order. Then |C(P )| ≥ 3 and |C(Q)| ≥ 3.
Thus P ∪ Q contains all the 5 cyclic subgroups of G, and G = P ∪ Q. This is impossible.
So we can assume that P ∼ = C p , and |G| = pq b .
If b = 1, by symmetry, we can assume P ✁ G. Note |C(C pq )| = 4. We get that Q is not normal in G. So c q = |G : N G (Q)| = p. Then p = 3, and q = 2. We get G ∼ = S 3 . Finally, we consider the case that p = 2. Let |G| = 2 n . Since |C(G)| = 5, we get exp(G) = 2 s ≤ 2 4 . If s = 1, then G is an elementary abelian 2-group of order 2 n and
there is only one cyclic subgroup in G− x . Hence all the elements in G− x are contained in a cyclic subgroup and have the same order, 2 r say. So we get |G − x | = φ(2 r ), and 2 n − 8 = 2 r−1 , where r ≤ 3. This is impossible.
Clearly, if s = 4, then G ∼ = C 2 4 . We need only to consider the case that s = 2.
Let x ∈ G with |x| = 4. Hence we can get exactly two nontrivial cyclic subgroups from G − x . Let 2 r and 2 2 be the order of the two cyclic subgroups, where r, s ≤ 2. Then 2 n − 4 = 2 r−1 + 2 s−1 . So we get n = 3 and r, s = 2. Thus G = Q 8 . ✷
